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(PPDQXHO $JXOOR 3DWULFN 5 $PHVWR\ $OIUHGR %XWWDUL $EGRX *XHUPRXFKH
*XLOODXPH -RVOLQ -HDQ<YHV /ߤ([FHOOHQW ;LDR\H 6 /L $UWHP 1DSRY )UDQ©RLV+HQU\ 5RXHW
0RKDPHG 6LG/DNKGDU 6KHQ :DQJ &O«PHQW :HLVEHFNHU DQG ,FKLWDUR <DPD]DNL
 ,15,$/D%5, %RUGHDX[ )UDQFH
 8QLYHUVLW« GH 7RXORXVH ,137(16((,+7,5,7 7RXORXVH )UDQFH
 &156,5,7 7RXORXVH )UDQFH
 8QLYHUVLW« %RUGHDX[ /D%5, %RUGHDX[ )UDQFH
 &(5)$&6 7RXORXVH )UDQFH
 ,15,$/,3 (16 /\RQ /\RQ )UDQFH
 /DZUHQFH %HUNHOH\ 1DWLRQDO /DERUDWRU\ %HUNHOH\ &$ 86$
 8QLYHUVLW« /LEUH GH %UX[HOOHV %UX[HOOHV %HOJLXP
 &HQWHU IRU &RPSXWDWLRQDO DQG $SSOLHG 0DWKHPDWLFV 3XUGXH 8QLYHUVLW\ :HVW /DID\HWWH ,1 86$
 8QLYHUVLW\ RI 7HQQHVVHH .QR[YLOOH 71 86$
$%675$&7
'LUHFW PHWKRGV IRU WKH VROXWLRQ RI VSDUVH V\VWHPV RI OLQHDU HTXDWLRQV RI WKH IRUP Ax = b DUH XVHG
LQ D ZLGH UDQJH RI QXPHULFDO VLPXODWLRQ DSSOLFDWLRQV 6XFK PHWKRGV DUH EDVHG RQ WKH GHFRPSRVLWLRQ RI WKH
PDWUL[ LQWR D SURGXFW RI WULDQJXODU IDFWRUV HJ A = LU  IROORZHG E\ WULDQJXODU VROYHV 7KH\ DUH NQRZQ
IRU WKHLU QXPHULFDO DFFXUDF\ DQG UREXVWQHVV EXW DUH DOVR FKDUDFWHUL]HG E\ D KLJK PHPRU\ FRQVXPSWLRQ DQG
D ODUJH DPRXQW RI FRPSXWDWLRQV +HUH ZH VXUYH\ VRPH UHVHDUFK GLUHFWLRQV WKDW DUH EHLQJ LQYHVWLJDWHG E\ WKH
VSDUVH GLUHFW VROYHU FRPPXQLW\ WR DOOHYLDWH WKHVH LVVXHV PHPRU\DZDUH VFKHGXOLQJ WHFKQLTXHV ORZUDQN
DSSUR[LPDWLRQV DQG GLVWULEXWHGVKDUHG PHPRU\ K\EULG SURJUDPPLQJ
,1752'8&7,21
&RQWH[W DQG REMHFWLYHV
/DUJH VSDUVH OLQHDU V\VWHPV DSSHDU LQ QXPHURXV VFLHQWLILF DSSOLFDWLRQV )RU H[DPSOH WKH VWUXFWXUDO
DQDO\VLV RI QXFOHDU SODQWV DIWHU WKH )XNXVKLPD HYHQWV 0DUFK  UHTXLUHV WR VROYH ODUJH OLQHDU V\VWHPV ZLWK
W\SLFDOO\ WHQV RU KXQGUHGV RI PLOOLRQV RI XQNQRZQV DULVLQJ IURP QXPHULFDO VLPXODWLRQ DW YHU\ ODUJH VFDOH DQ
HQWLUH SODQW VWUXFWXUH DQG LQ YHU\ KLJK UHVROXWLRQ 'LUHFW PHWKRGV IRU WKH VROXWLRQ RI VSDUVH OLQHDU V\VWHPV
DUH NQRZQ IRU WKHLU QXPHULFDO UREXVWQHVV EXW XVXDOO\ KDYH ODUJH FRPSXWDWLRQDO UHTXLUHPHQWV DV RSSRVHG WR
LWHUDWLYH PHWKRGV ,Q SDUWLFXODU WKHLU ODUJH PHPRU\ IRRWSULQW RIWHQ SUHYHQWV WKHLU XVH DQG DFKLHYLQJ ODUJH
VFDOH SDUDOOHOLVP WKRXVDQGV RI FRUHV RU PRUH LV RIWHQ GLIILFXOW +HUH ZH VXUYH\ VRPH UHFHQW WHFKQLTXHV WKDW
DLP DW LPSURYLQJ WKH VFDODELOLW\ RI GLUHFW PHWKRGV ,Q WKH ILUVW VHFWLRQ ZH GHVFULEH DPHPRU\DZDUH VFKHGXO
LQJ VWUDWHJ\ WKDW DLPV DW LPSURYLQJ WKH PHPRU\ VFDODELOLW\ RI D YDULDQW RI VSDUVH *DXVVLDQ HOLPLQDWLRQ FDOOHG
WKH PXOWLIURQWDO PHWKRG ,Q WKH VHFRQG VHFWLRQ ZH LQWURGXFH GLIIHUHQW ORZUDQN DSSUR[LPDWLRQ WHFKQLTXHV
WKDW DLP DW GHFUHDVLQJ WKH VSDFH DQG WLPH FRPSOH[LW\ RI GLUHFW VROYHUV E\ GHWHFWLQJ GDWD VSDUVLW\ DQG LQWUR
GXFLQJ FRQWUROOHG DSSUR[LPDWLRQV )LQDOO\ LQ WKH ODVW VHFWLRQ ZH VKRZ KRZ WR FRPELQH GLVWULEXWHGPHPRU\
DQG VKDUHGPHPRU\ SDUDOOHOLVP LQ RUGHU WR H[SORLW UHFHQW DUFKLWHFWXUHV
%DFNJURXQG
:H EULHIO\ LQWURGXFH VRPH LQJUHGLHQWV RI VSDUVH GLUHFW PHWKRGV :H RQO\ SURYLGH VLPSOLVWLF GHVFULS
WLRQV RI ZKDW LV QHFHVVDU\ WR XQGHUVWDQG WKH IROORZLQJ VHFWLRQV DQG ZH UHIHU WKH UHDGHU WR WKH ELEOLRJUDSK\ IRU
PRUH GHWDLO :H DUH WR FRPSXWH D IDFWRUL]DWLRQ RI D JLYHQ PDWUL[ A A = LU LI WKH PDWUL[ LV XQV\PPHWULF
RUA = LDLT LI WKH PDWUL[ LV V\PPHWULF :LWKRXW ORVV RI JHQHUDOLW\ LQ WKH UHVW RI WKH SDSHU ZH ZLOO DVVXPH
WKDWA LV QRQUHGXFLEOH )RU D PDWUL[A ZLWK DQ XQV\PPHWULF SDWWHUQ QRQ]HUR VWUXFWXUH ZH DVVXPH WKDW WKH
IDFWRUL]DWLRQ WDNHV SODFH XVLQJ WKH VWUXFWXUH RIA+AT  ZKHUH WKH VXPPDWLRQ LV VWUXFWXUDO 7KH IXQGDPHQWDO
VWUXFWXUH RQ ZKLFK ZH ZLOO UHO\ LQ WKH IROORZLQJ LV FDOOHG WKH HOLPLQDWLRQ WUHH $ IHZ HTXLYDOHQW GHILQLWLRQV
DUH SRVVLEOH ZH UHFRPPHQG WKH VXUYH\ E\ /LX  ZH XVH WKH IROORZLQJ
'HILQLWLRQ  $VVXPH A = LU ZKHUH A LV D VSDUVH VWUXFWXUDOO\ V\PPHWULF N × N PDWUL[ 7KHQ WKH
HOLPLQDWLRQ WUHH RI A LV D WUHH RIN QRGHV ZLWK WKH iWK QRGH FRUUHVSRQGLQJ WR WKH iWK FROXPQ RI L DQG ZLWK
WKH SDUHQW UHODWLRQV GHILQHG E\
parent(j) = PLQ{i : i > j DQG ℓij 6= 0}, IRU j = 1, . . . , N − 1
,Q SUDFWLFH QRGHV DUH DPDOJDPDWHG QRGHV WKDW UHSUHVHQW FROXPQV DQG URZV RI WKH IDFWRUV ZLWK
VLPLODU VWUXFWXUHV DUH JURXSHG WRJHWKHU LQ D VLQJOH QRGH RIWHQ UHIHUUHG WR DV D VXSHUQRGH 7KH HOLPLQDWLRQ
WUHH LV D ZRUNIORZ DQG GDWDIORZ JUDSK IRU PDQ\ GLUHFW PHWKRGV $W WKLV SRLQW WZR PDLQ YDULDQWV RI VSDUVH
GLUHFW PHWKRGV FDQ EH GLVWLQJXLVKHG ,Q WKH PXOWLIURQWDO PHWKRG 'XII 	 5HLG  HDFK QRGH LQ WKH
HOLPLQDWLRQ WUHH LV DVVRFLDWHG ZLWK D VTXDUH GHQVH PDWUL[ UHIHUUHG WR DV D IURQWDO PDWUL[ RU IURQW ZLWK WKH
IROORZLQJ 2× 2 EORFN VWUXFWXUH [
F11 F12
F21 F22
]
:H UHIHU WR WKH YDULDEOHV DVVRFLDWHG ZLWK F11 DQG F22 DV WKH IXOO\VXPPHG DQG QRQ IXOO\VXPPHG YDULDEOHV
UHVSHFWLYHO\ )DFWRULQJ WKH PDWUL[ XVLQJ WKH PXOWLIURQWDO PHWKRG FRQVLVWV LQ D ERWWRPXS WUDYHUVDO RI WKH WUHH
IROORZLQJ D WRSRORJLFDO RUGHU D QRGH LV SURFHVVHG EHIRUH LWV SDUHQW 3URFHVVLQJ D QRGH FRQVLVWV LQ
߭ IRUPLQJ RU DVVHPEOLQJ WKH IURQWDO PDWUL[ E\ VXPPLQJ WKH URZV DQG FROXPQV RI A FRUUHVSRQGLQJ WR
WKH YDULDEOHV LQ WKH (1, 1) EORFN ZLWK WHPSRUDU\ GDWD WKDW KDV EHHQ SURGXFHG E\ WKH FKLOG QRGHV
߭ HOLPLQDWLQJ WKH SLYRWV LQ WKH (1, 1) EORFN F11 WKLV LV GRQH WKURXJK D SDUWLDO IDFWRUL]DWLRQ RI WKH IURQWDO
PDWUL[ ZKLFK SURGXFHV WKH FRUUHVSRQGLQJ URZV DQG FROXPQV RI WKH IDFWRUV VWRUHG LQ F11 F21 DQG F12
$W WKLV VWHS WKH VRFDOOHG 6FKXU FRPSOHPHQW RU FRQWULEXWLRQ EORFN LV FRPSXWHG DV F22 ← F22−F21 ·
F−111 ·F12 DQG VWRUHG LQ D WHPSRUDU\ PHPRU\ LW ZLOO EH XVHG WR IRUP WKH IURQW DVVRFLDWHG ZLWK WKH SDUHQWQRGH 7KHUHIRUH ZKHQ D QRGH LV DFWLYDWHG LW ߧFRQVXPHVߨ WKH FRQWULEXWLRQ EORFNV RI LWV FKLOGUHQ
,Q WKH PXOWLIURQWDO PHWKRG WKH DFWLYH PHPRU\ DW D JLYHQ VWHS LQ WKH IDFWRUL]DWLRQ FRQVLVWV RI WKH IURQW EHLQJ
SURFHVVHG DQG D VHW RI FRQWULEXWLRQ EORFNV WKDW DUH WHPSRUDULO\ VWRUHG DQG ZLOO EH FRQVXPHG DW D ODWHU VWHS
6XSHUQRGDO PHWKRGV FDQ DOVR UHO\ RQ WKH HOLPLQDWLRQ WUHH KRZHYHU D QRGH LQ WKH WUHH LV QRW DVVRFL
DWHG ZLWK D GHQVH PDWUL[ EXW VLPSO\ ZLWK VRPH FROXPQV DQG URZV RI WKH IDFWRUV 7KHUH LV QR FRQWULEXWLRQ
EORFN ,QVWHDG WKH XSGDWHV FRUUHVSRQGLQJ WR D QRGH DUH GRQH E\ FRPPXQLFDWLQJ SLHFHV RI IDFWRUV WR VRPH
RI LWV DQFHVWRUV RU IURP VRPH RI LWV GHVFHQGDQWV ULJKWORRNLQJ RU OHIWORRNLQJ DSSURDFK UHVSHFWLYHO\ 7KH
PXOWLIURQWDO PHWKRG XVXDOO\ H[KLELWV JRRG IORS UDWHV DV LW PDLQO\ FRQVLVWV RI ODUJH %/$6  RSHUDWLRQV IRU
FRPSXWLQJ FRQWULEXWLRQ EORFNV DQG LW KDV D VLPSOH FRPPXQLFDWLRQ SDWWHUQ IURP FKLOGUHQ QRGHV WR WKHLU
SDUHQW EXW WKH DERYHPHQWLRQHG DFWLYH PHPRU\ FDQ EH TXLWH ODUJH 6XSHUQRGDO PHWKRGV GR QRW KDYH WKLV
H[WUD PHPRU\ XVDJH EXW WKH\ KDYH PRUH FRPSOLFDWHG FRPPXQLFDWLRQ SDWWHUQV :H LOOXVWUDWH WKH GLIIHUHQFH
EHWZHHQ WKHVH WZR FODVVHV RI PHWKRGV LQ )LJXUH 
'LUHFW PHWKRGV UHO\LQJ RQ WKH HOLPLQDWLRQ WUHH OHQG WKHPVHOYHV YHU\ QDWXUDOO\ WR SDUDOOHOLVP VLQFH
PXOWLSOH SURFHVVHV FDQ EH HPSOR\HG WR WUHDW RQH ODUJH HQRXJK IURQWDO PDWUL[ RU VXSHUQRGH RU WR SURFHVV
FRQFXUUHQWO\ IURQWDO PDWULFHV RU VXSHUQRGHV EHORQJLQJ WR VHSDUDWH VXEWUHHV 7KHVH WZR VRXUFHV RI SDUDOOHOLVP
DUH FRPPRQO\ UHIHUUHG WR DV QRGH DQG WUHH SDUDOOHOLVP UHVSHFWLYHO\ DQG WKHLU FRUUHFW H[SORLWDWLRQ LV WKH NH\
WR DFKLHYLQJ KLJK SHUIRUPDQFH RQ SDUDOOHO VXSHUFRPSXWHUV
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F 6XSHUQRGDO ULJKWORRNLQJ
)LJXUH  D 6WUXFWXUH RI WKH L,U IDFWRUV RI D 5× 5 PDWUL[ VKDGHG HOHPHQWV DUH QRQ]HURV E 0XOWLIURQWDO
DSSURDFK ZKHQ D QRGH LV DFWLYDWHG LQ UHG LW FRQVXPHV WKH FRQWULEXWLRQ EORFNV RI LWV FKLOGUHQ IURP WKH
VWDFN PHPRU\ F 6XSHUQRGDO ULJKWORRNLQJ DSSURDFK RQFH VRPH URZV FROXPQV RI L U  DUH FRPSXWHG
LQ UHG WKH\ DUH VHQW WR WKH DQFHVWRUV WKDW QHHG WKHP *UD\ QRGHV DUH SURFHVVHG EHIRUH WKH UHG QRGH
0DQ\ VRIWZDUH SDFNDJHV LPSOHPHQW SDUDOOHO VSDUVH GLUHFW PHWKRGV :H UHSRUW RQ H[SHULPHQWV ZLWK
WZR ZLGHO\XVHG VROYHUV WKH PXOWLIURQWDO FRGH 08036 08OWLIURQWDO 0DVVLYHO\ 3DUDOOHO 6ROYHU $PHVWR\
HW DO  DQG WKH VXSHUQRGDO FRGH 6XSHU/8B',67 /L 	 'HPPHO 
0(025<$:$5( 0$33,1* $1' 6&+('8/,1* 7(&+1,48(6
,Q WKLV VHFWLRQ ZH IRFXV RQ WKH PXOWLIURQWDO PHWKRG DOWKRXJK VLPLODU LGHDV FRXOG EH DSSOLHG WR RWKHU
YDULDQWV ,Q WKH PXOWLIURQWDO PHWKRG WKH DFWLYH PHPRU\ PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ FDQ EH TXLWH
ODUJH DQG LV RIWHQ GLIILFXOW WR FRQWURO LQ D SDUDOOHO HQYLURQPHQW :H DUH LQWHUHVWHG LQ PD[LPL]LQJ WKH PHPRU\
HIILFLHQF\ emax(p) = Sseqp·Smax ZKHUH Sseq LV WKH SHDN RI DFWLYH PHPRU\ IRU D VHTXHQWLDO H[HFXWLRQ DQG
Smax LV WKH PD[LPXP SHDN RI DFWLYH PHPRU\ IRU DQ H[HFXWLRQ RQ p SURFHVVRUV emax(p) VKRXOG EH FORVH WR
 ZKLFK PHDQV WKDW WKH SHDN RI D JLYHQ SURFHVVRU VKRXOG EH FORVH WR Sseq
p
 Smax GHSHQGV RQ WKH QRGHWR
SURFHVVPDSSLQJ IROORZHG GXULQJ WKH IDFWRUL]DWLRQ &RPPRQO\XVHGPDSSLQJV RIWHQ UHO\ RQ WKH SURSRUWLRQDO
PDSSLQJ LQ WKLV VWUDWHJ\ WKH SURFHVVRUV DVVLJQHG WR D QRGH RI WKH HOLPLQDWLRQ WUHH DUH GLVWULEXWHG WR LWV
FKLOGUHQ SURSRUWLRQDOO\ WR WKHLU ZHLJKWV RSHUDWLRQ FRXQW RU VHTXHQWLDO SHDN RI PHPRU\ )RU H[DPSOH WKH
WUHH VKRZQ LQ )LJXUH D LV PDSSHG RQ  SURFHVVRUV ,WV FKLOG QRGH ߧDߨ LV PDSSHG RQ 7070+50+50 · 64 = 26SURFHVVRUV 7KH WKUHH VXEWUHHV URRWHG DW D E DQG F DUH PDSSHG RQ GLIIHUHQW SURFHVVRUV DQG DUH SURFHVVHG
LQ SDUDOOHO ,Q WKLV H[DPSOH WKH PD[LPXP SHDN RI DFWLYH PHPRU\ LV DW OHDVW 70 *%26 ZKLFK LV UHDFKHG LQ WKHLGHDO FDVH ZKHUH WKH HIILFLHQF\ LQ WKH VXEWUHH URRWHG DW D LV  ZKLFK \LHOGV emax ≤ 8064· 70
26
= 0.40 ZKLFK LV
IDU IURP 
:H SURSRVHG D PHPRU\DZDUH PDSSLQJ WHFKQLTXH WKDW DLPV DW HQIRUFLQJ D XVHUJLYHQ PHPRU\ FRQ
VWUDLQWM0 ZKLFK LV WKH PD[LPXP DOORZHG SHDN RI DFWLYH PHPRU\ RI D SURFHVVRU 7KH EDVLF LGHD LV WR IROORZ
D SURSRUWLRQDO PDSSLQJ DQG WR UHMHFW WKH VWHSV WKDW OHDG WR YLRODWH WKH PHPRU\ FRQVWUDLQW 7DNH )LJXUH D
DQG DVVXPHM0 = 1.6*% $V H[SODLQHG DERYH WKH PHPRU\ SHDN IRU WKH VXEWUHH URRWHG DW D LV DW OHDVW 70 *%26 ZKLFK LV JUHDWHU WKDQM0 2XU PHPRU\DZDUH VWUDWHJ\ LV LOOXVWUDWHG LQ )LJXUH E LQVWHDG RI PDSSLQJ WKH
ZKROH VHW RI VLEOLQJV XVLQJ SURSRUWLRQDO PDSSLQJ ZH GHWHFW JURXSV RI VLEOLQJV KHUH {a} DQG {b, c} WKDW
FDQ EH PDSSHG XVLQJ SURSRUWLRQDO PDSSLQJ ZLWKRXW YLRODWLQJ M0 :H HQIRUFH VFKHGXOLQJ FRQVWUDLQWV WKDW
IRUFH WKHVH JURXSV WR VWDUW RQH DIWHU DQRWKHU KHUH WKH VXEWUHHV URRWHG DW QRGHV E DQG F FDQQRW VWDUW EHIRUH WKH
VXEWUHH URRWHG DW D LV FRPSOHWHG +HUH WKH HIILFLHQF\ EHFRPHV DW OHDVW Sseq
p·M0
= 8064·1.6 = 0.8
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D 3URSRUWLRQDO PDSSLQJ
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E 0HPRU\DZDUH PDSSLQJ
)LJXUH  0DSSLQJ VWUDWHJLHV 6HTXHQWLDO SHDNV RI DFWLYH PHPRU\ DUH LQ EODFN 7KH QXPEHU RI SURFHVVRUV
DVVRFLDWHG ZLWK HDFK VXEWUHH LV LQ UHG ,Q E WKH DUURZ LV D VFKHGXOLQJ FRQVWUDLQW
,Q 7DEOH  ZH SURYLGH UHVXOWV IRU  EHQFKPDUN PDWULFHV SDQFDNHB LV IURP D ' SUREOHP LQ
HOHFWURPDJQHWLVP +95 LV IURP FRPSXWDWLRQDO IOXLG G\QDPLFV DQG PHFDBUDII LV D WKHUPRPHFKDQLFDO
FRXSOLQJ SUREOHP IRU (') QXFOHDU SRZHU SODQWV :H FRPSDUH WKH GHIDXOW VFKHGXOLQJ VWUDWHJ\ LQ 08036
ZLWK RXU PHPRU\DZDUH VFKHGXOLQJ 7KH UHVXOWV VKRZ WKDW WKH DFWLYH PHPRU\ FDQ EH VLJQLILFDQWO\ UHGXFHG
DW WKH SULFH RI D PRGHUDWH LQFUHDVH LQ UXQ WLPH 7KH PLVVLQJ GDWD IRU +95 PHDQV WKDW WKH IDFWRUL]DWLRQ
ZLWK WKH GHIDXOW VFKHGXOLQJ UDQ RXW RI PHPRU\ ZH VKRZ DQ HVWLPDWHG PHPRU\ FRQVXPSWLRQ
7DEOH  &RPSDULVRQ RI WKH GHIDXOW VWUDWHJ\ LQ 08036 DQG WKH PHPRU\DZDUH DOJRULWKP
0DWUL[ 0DSSLQJ Smax0% Savg0% 7LPHV
SDQFDNHB 08036   0$M0 = 4000%   
+95 08036 HVW  HVW  1$0$M0 = 26000%   
PHFDBUDII 08036   0$M0 = 3200%   
:H UHIHU WKH UHDGHU WR 5RXHW  IRU D PRUH GHWDLOHG GHVFULSWLRQ DQG PRUH UHVXOWV
/2:5$1. $3352;,0$7,216
0DWULFHV FRPLQJ IURP HOOLSWLF 3DUWLDO 'LIIHUHQWLDO (TXDWLRQV 3'(V KDYH EHHQ VKRZQ WR KDYH D
ORZUDQN SURSHUW\ ZHOO GHILQHG RIIGLDJRQDO EORFNV RI WKHLU 6FKXU FRPSOHPHQWV FDQ EH DSSUR[LPDWHG E\
ORZUDQN SURGXFWV *LYHQ D VXLWDEOH RUGHULQJ RI WKH PDWUL[ VXFK DSSUR[LPDWLRQV FDQ EH FRPSXWHG XVLQJ
WUXQFDWHG 69' RU UDQNUHYHDOLQJ 45 IDFWRUL]DWLRQV JLYHQ D ORZUDQN WUXQFDWLRQ SDUDPHWHU ε 7KH UHVXOWLQJ
UHSUHVHQWDWLRQ RIIHUV D VXEVWDQWLDO UHGXFWLRQ RI WKH PHPRU\ UHTXLUHPHQWV DQGPDQ\ RI WKH EDVLF GHQVH DOJHEUD
RSHUDWLRQV FDQ EH SHUIRUPHG ZLWK OHVV RSHUDWLRQV (YHQ ZKHQ ε LV VHW WR PDLQWDLQ IXOO DFFXUDF\ HJ ε =
10−14 IRU GRXEOHSUHFLVLRQ DULWKPHWLF GUDPDWLF VDYLQJV FDQ EH REWDLQHG ERWK LQ PHPRU\ FRQVXPSWLRQ DQG LQ
FRPSOH[LW\ RI D VSDUVH IDFWRUL]DWLRQ DOWHUQDWLYHO\ ZLWK ELJJHU WKUHVKROG YDOXHV DSSUR[LPDWHG IDFWRUL]DWLRQV
FDQ EH FRPSXWHG IRU H[DPSOH WR SUHFRQGLWLRQ LWHUDWLYH VROYHUV DW D FRVW ZKLFK LV RQO\ D IUDFWLRQ RI WKH FRVW RI D
VWDQGDUG IXOOUDQN IDFWRUL]DWLRQ +HUH ZH SUHVHQW WZR ORZUDQN UHSUHVHQWDWLRQV WKDW FDQ EH HPEHGGHG ZLWKLQ
VSDUVH GLUHFW VROYHUV %ORFN /RZ5DQN WHFKQLTXHV DQG +LHUDUFKLFDOO\ 6HPL6HSDUDEOH UHSUHVHQWDWLRQV
%ORFN /RZ5DQN WHFKQLTXHV
$ IOH[LEOH HIILFLHQW WHFKQLTXH FDQ EH XVHG WR UHSUHVHQW IURQWV ZLWK ORZUDQN VXEEORFNV EDVHG RQ D
VWRUDJH IRUPDW FDOOHG %ORFN /RZ5DQN %/5 8QOLNH RWKHU IRUPDWV VXFK DV HPDWULFHV DQG +66 PDWULFHV
VHH QH[W VHFWLRQ WKH %/5 DSSURDFK LV EDVHG RQ D IODW QRQKLHUDUFKLFDO EORFNLQJ RI WKH PDWUL[ ZKLFK LV
GHILQHG E\ FRQYHQLHQWO\ FOXVWHULQJ WKH DVVRFLDWHG XQNQRZQV $ %/5 UHSUHVHQWDWLRQ RI D IURQW F LV VKRZQ
LQ HTXDWLRQ IURP )LJXUH D ZKHUH ZH DVVXPH WKDW p VXEEORFNV KDYH EHHQ GHILQHG RYHU WKH IXOO\VXPPHG
YDULDEOHV SDUW RI F  DQG q VXEEORFNV RYHU WKH QRQ IXOO\VXPPHG YDULDEOHV SDUW 6XEEORFNV B˜i,j RI VL]H
mi,j × ni,j DQG QXPHULFDO UDQN ki,j(ε) DUH DSSUR[LPDWHG E\ D ORZUDQN SURGXFW Ui,jV Ti,j DW DFFXUDF\ ε 1RWHWKDW GLDJRQDO VXEEORFNV Bi,i DUH QHYHU DSSUR[LPDWHG EHFDXVH WKH\ DUH DVVXPHG WR EH IXOOUDQN
F˜ =


B1,1 · · · B˜1,p · · · · · · B˜1,p+q       
B˜p,1 · · · Bp,p · · · · · · B˜p,p+q · · · · · · B˜p+1,p+1 · · · B˜p+1,p+q         
B˜p+q,1 · · · B˜p+q,p B˜p+q,p+1 · · · B˜p+q,p+q


D %/5 PDWUL[ GHILQLWLRQ E 6WUXFWXUH RI D %/5 PDWUL[ 7KH
OLJKWHU D EORFN LV WKH VPDOOHU LV LWV UDQN
)LJXUH  %/5 PDWUL[ GHILQLWLRQ DQG VWUXFWXUH H[DPSOH
,Q RUGHU WR DFKLHYH D VDWLVIDFWRU\ UHGXFWLRQ LQ ERWK FRPSOH[LW\ DQG PHPRU\ IRRWSULQW VXEEORFNV
KDYH WR EH FKRVHQ WR EH DV ORZUDQN DV SRVVLEOH HJ ZLWK H[SRQHQWLDOO\ GHFD\LQJ VLQJXODU YDOXHV ZKLFK
FDQ EH DFKLHYHG E\ FOXVWHULQJ WKH XQNQRZQV LQ VXFK D ZD\ WKDW DQ DGPLVVLELOLW\ FRQGLWLRQ VHH %HEHQGRUI
 LV VDWLVILHG 7KLV FRQGLWLRQ VWDWHV WKDW D VXEEORFN B˜i,j  LQWHUFRQQHFWLQJ YDULDEOHV RI i ZLWK YDULDEOHV
RI j ZLOO KDYH D ORZ UDQN LI YDULDEOHV RI i DQG YDULDEOHV RI j DUH IDU DZD\ LQ WKH GRPDLQ LQWXLWLYHO\ EHFDXVH
WKH DVVRFLDWHG YDULDEOHV DUH OLNHO\ WR KDYH D ZHDN LQWHUDFWLRQ ,Q SUDFWLFH WKH IXOO\VXPPHG YDULDEOHV RI
HDFK IURQW DUH JURXSHG E\ SDUWLWLRQLQJ ZLWK D WRRO VXFK DV 0(7,6 WKH UHODWHG DGMDFHQF\ JUDSK ZKHUHDV
WKH QRQ IXOO\VXPPHG YDULDEOHV DUH JURXSHG XVLQJ D SDUWLWLRQLQJ LQGXFHG E\ WKRVH RI WKH IXOO\VXPPHG
YDULDEOHV RI DQFHVWRU QRGHV VHH $PHVWR\ HW DO  $OWKRXJK FRPSUHVVLRQ UDWHV PD\ QRW EH DV JRRG
DV WKRVH DFKLHYHG ZLWK KLHUDUFKLFDO IRUPDWV VXFK DV WKRVH GHVFULEHG LQ WKH QH[W VHFWLRQ %/5 RIIHUV D JRRG
IOH[LELOLW\ WKDQNV WR LWV VLPSOH IODW VWUXFWXUH ,Q D SDUDOOHO HQYLURQPHQW WKLV DOORZV IRU DQ HDVLHU GLVWULEXWLRQ
DQG KDQGOLQJ RI WKH IURQWDO PDWULFHV $OVR QXPHULFDO SLYRWLQJ FDQ EH PRUH HDVLO\ GRQH ZLWKLQ D %/5 PDWUL[
ZLWKRXW SHUWXUELQJ PXFK WKH VWUXFWXUH /DVWO\ FRQYHUWLQJ D PDWUL[ IURP WKH VWDQGDUG UHSUHVHQWDWLRQ WR %/5
DQG YLFH YHUVD LV PXFK FKHDSHU ZLWK UHVSHFW WR WKH FDVH RI KLHUDUFKLFDO PDWULFHV 7KLV DOORZV WR VZLWFK EDFN
DQG IRUWK IURP RQH IRUPDW WR WKH RWKHU ZKHQHYHU QHHGHG DW D UHDVRQDEOH FRVW WKLV LV IRU H[DPSOH GRQH WR
VLPSOLI\ WKH DVVHPEO\ RSHUDWLRQV WKDW DUH H[WUHPHO\ FRPSOLFDWHG WR SHUIRUP LQ DQ\ ORZUDQN IRUPDW $OO
WKHVH SRLQWV PDNH %/5 HDV\ WR DGDSW WR DQ\ PXOWLIURQWDO VROYHU ZLWKRXW D FRPSOHWH UHWKLQNLQJ RI WKH FRGH
$V VKRZQ LQ )LJXUH  WKH O(N2) FRPSOH[LW\ RI D VWDQGDUG IXOO UDQN VROXWLRQ RI D ' SUREOHP
RI N XQNQRZQV IURP DQ SRLQW VWHQFLO LV UHGXFHG WR O(N4/3) ZKHQ XVLQJ WKH %/5 IRUPDW ,Q 7DEOH 
ZH UHSRUW UHVXOWV RQ WZR PDWULFHV IURP UHDOOLIH DSSOLFDWLRQ *HRD]XU LV D ' VHLVPLF ZDYH SURSDJDWLRQ
VWXG\ DQG 7+B5$)) LV D ' WKHUPDO WHVWFDVH LQ VWUXFWXUDO HQJLQHHULQJ IRU (') QXFOHDU SRZHU SODQWV 7KH
UHVXOWV VKRZ WKDW WKH QXPEHU RI RSHUDWLRQV DQG WKH PHPRU\ SHDN FDQ EH VXEVWDQWLDOO\ UHGXFHG
'HWDLOHG LQIRUPDWLRQ DERXW WKHVH WHFKQLTXHV FDQ EH IRXQG LQ $PHVWR\ HW DO 
+LHUDUFKLFDOO\ 6HPL6HSDUDEOH PDWULFHV
+LHUDUFKLFDOO\ VHPLVHSDUDEOH +66 PDWULFHV 9DQGHEULO HW DO  DUH DQRWKHU W\SH RI ORZUDQN
UHSUHVHQWDWLRQ WKDW FDQ EH HPEHGGHG ZLWKLQ D VSDUVH VROYHU 7KH UHVXOWLQJ +66VSDUVH IDFWRUL]DWLRQ FDQ EH
XVHG DV D GLUHFW VROYHU RU SUHFRQGLWLRQHU GHSHQGLQJ RQ WKH DSSOLFDWLRQߤV DFFXUDF\ UHTXLUHPHQW DQG WKH FKDU
DFWHULVWLFV RI WKH 3'(V ,I WKH UDQGRPL]HG VDPSOLQJ FRPSUHVVLRQ WHFKQLTXH LV HPSOR\HG LQ FRPSUHVVLRQ ZH
7KLV LV WKH REMHFW RI RQJRLQJ UHVHDUFK
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)LJXUH  2SHUDWLRQ FRXQW RI WKH %/5
PXOWLIURQWDO IDFWRUL]DWLRQ RI D PDWUL[
FRPLQJ IURP WKH /DSODFLDQ RSHUDWRU
GLVFUHWL]HG ZLWK D ' SRLQW VWHQ
FLO UHYHDOLQJ D O(N4/3) FRPSOH[LW\
IRU ε = 10−14
*HRD]XU 7+B5$))
ε /8 SHDN IORS &65 /8 SHDN IORS &65
1× 10−2    7.34× 10−1    9.39× 10−2
1× 10−4    4.68× 10−3    1.46× 10−2
1× 10−6    7.91× 10−5    1.35× 10−4
1× 10−8    3.97× 10−7    9.91× 10−7
1× 10−10    2.07× 10−9    7.30× 10−9
1× 10−12    1.69× 10−11    6.34× 10−11
1× 10−14    1.86× 10−12    7.08× 10−13
7DEOH  &RPSUHVVLRQ UDWHV REWDLQHG ZLWK YDULRXV YDOXHV RI ε
/8 LV WKH SHUFHQW RI UHJXODU PXOWLIURQWDO IXOOUDQN ߧ)5ߨ VWRU
DJH QHHGHG WR VWRUH WKH %/5 IDFWRUV SHDN LV WKH SHUFHQW RI )5
PD[LPXP DFWLYH PHPRU\ QHHGHG WR SHUIRUP WKH %/5 IDFWRUL]D
WLRQ IORS LV WKH SHUFHQW RI )5 QXPEHU RI RSHUDWLRQV QHHGHG WR
SHUIRUP WKH %/5 IDFWRUL]DWLRQ
FDQ VKRZ WKDW IRU WKH ' PRGHO SUREOHPV WKH +66VSDUVH IDFWRUL]DWLRQ FRVWVO(N) IORSV IRU GLVFUHWL]HG PD
WULFHV IURP FHUWDLQ 3'(V DQGO(N4/3) IRU EURDGHU FODVVHV RI 3'(V LQFOXGLQJ QRQVHOIDGMRLQW DQG LQGHILQLWH
GLVFUHWL]HG 3'(V FI ;LD  7KLV FRPSOH[LW\ LV PXFK ORZHU WKDQ WKH O(N2) FRVW RI WKH WUDGLWLRQDO
H[DFW VSDUVH IDFWRUL]DWLRQ PHWKRG
,QIRUPDOO\ WKH +66 UHSUHVHQWDWLRQ SDUWLWLRQV WKH RIIGLDJRQDO EORFNV RI D GHQVH PDWUL[ LQ D KLHUDU
FKLFDO IDVKLRQ WKHVH RIIGLDJRQDO EORFNV DUH DSSUR[LPDWHG E\ FRPSDFW IRUPV VXFK DV WUXQFDWHG 69' $ NH\
SURSHUW\ RI +66 LV WKDW WKH RUWKRJRQDO EDVHV DUH GHVLUHG WR EH QHVWHG IROORZLQJ WKH KLHUDUFKLFDO SDUWLWLRQLQJ
7KLV OHDGV WR DV\PSWRWLFDOO\ IDVW FRQVWUXFWLRQ DQG IDFWRUL]DWLRQ DOJRULWKPV )LJXUH  LOOXVWUDWHV D EORFN 8× 8
+66 UHSUHVHQWDWLRQ RI A IRU ZKLFK WKH KLHUDUFKLFDO VWUXFWXUH DQG WKH JHQHUDWRUV Ui, Vi, Ri DQG Bi DUH VXF
FLQFWO\ GHSLFWHG E\ WKH +66 WUHH RQ WKH ULJKW VLGH $V D VSHFLDO H[DPSOH LWV OHDGLQJ EORFN 4 × 4 SDUW ORRNV
OLNH WKH IROORZLQJ ZKHUH t7 LV WKH LQGH[ VHW DVVRFLDWHG ZLWK QRGH  RI WKH +66 WUHH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E 8× 8 +66 WUHH
)LJXUH  3LFWRULDO LOOXVWUDWLRQV RI D EORFN 8× 8 +66 IRUP DQG WKH FRUUHVSRQGLQJ +66 WUHH T 
:LWK WKLV +66 UHSUHVHQWDWLRQ ZH FDQ XVH WKH 8/9 IDFWRUL]DWLRQ DQG WKH DFFRPSDQ\LQJ VROXWLRQ
DOJRULWKPV WR VROYH WKH OLQHDU V\VWHPV &KDQGUDVHNDUDQ HW DO  :H FDQ DSSO\ WKH DERYH +66 ORZUDQN
DSSUR[LPDWLRQ DOJRULWKPV WR WKH GHQVH VXEPDWULFHV LQ WKH VSDUVH PXOWLIURQWDO DQG VXSHUQRGDO IDFWRUL]DWLRQ
DOJRULWKPV :H UHSRUW RQ VRPH UHVXOWV XVLQJ D PXOWLIURQWDO FRGH VSHFLDOL]HG LQ WKH VROXWLRQ RI WKH GLVFUHWL]HG
+HOPKROW] HTXDWLRQ RQ UHJXODU JULGV PDWULFHV DUH FRPSOH[ XQV\PPHWULF KLJKO\LQGHILQLWH DQG LQ VLQJOH
SUHFLVLRQ DULWKPHWLF :H FRPSDUH UXQV ZLWK WKH VDPH FRGH LQ D FODVVLFDO PXOWLIURQWDO PRGH DQG LQ WKH +66
VSDUVH PRGH WKH WROHUDQFH LV ε = 10−4 :H VROYH IRU RQH ULJKWKDQG VLGH DQG DSSO\ LWHUDWLYH UHILQHPHQW LQ
WKH VROXWLRQ 8VLQJ +66 WHFKQLTXHV VSHHGV XS WKH VROXWLRQ SURFHVV DQG JDLQV LQFUHDVH ZLWK WKH VL]H RI WKH
SUREOHP ZKLFK LV H[SHFWHG VLQFH IRU WKLV NLQG RI HTXDWLRQV WKH FRPSOH[LW\ LVO(N4/3) LQVWHDG RIO(N2) IRU
D IXOOUDQN DSSURDFK +RZHYHU WKH IORS UDWHV DUH VPDOOHU ZKLFK LV GXH WR WKH IDFW WKDW +66 NHUQHOV RSHUDWH RQ
VPDOO EORFNV ZKLOH UHJXODU NHUQHOV RQO\ SHUIRUP ODUJH %/$6 RSHUDWLRQV 7KH VL]H RI IDFWRUV LV VLJQLILFDQWO\
UHGXFHG EXW WKH JDLQV RQ WKH PD[LPXP SHDN RI PHPRU\ DUH QRW DV ODUJH EHFDXVH WKLV SDUWLFXODU FRGH GRHV QRW
DSSO\ +66 WHFKQLTXHV RQ FRQWULEXWLRQ EORFNV WKLV LV ZRUN LQ SURJUHVV 7KH FRPPXQLFDWLRQ YROXPH LV DOVR
UHGXFHG ZKHQ +66 NHUQHOV DUH XVHG )LQDOO\ XVLQJ LWHUDWLYH UHILQHPHQW WKH +66HQDEOHG FRGH LV DOPRVW DV
VWDEOH DV WKH SXUH PXOWLIURQWDO FRGH WKH VFDOHG UHVLGXDO LV FORVH WR PDFKLQH SUHFLVLRQ
7DEOH  6ROXWLRQ RI WKH GLVFUHWL]HG +HOPKROW] HTXDWLRQ RQ D k × k × k JULG
k    
3URFHVVRUV    
0)
7RWDO WLPH V    
*IORSVV    
)DFWRUV VL]H *%    
0D[LPXP SHDN SHU SURF *%    
&RPPXQLFDWLRQ YROXPH *%    
+66
7RWDO WLPH V    
*IORSVV    
)DFWRUV VL]H *%    
0D[LPXP SHDN SHU SURF *%    
&RPPXQLFDWLRQ YROXPH *%    
PD[i |Ax−b|i(|A||x|+|b|)i 1.5× 10−7 5.7× 10−7 9.7× 10−7 3.7× 10−6
,1752'8&,1* 6+$5('0(025< 3$5$//(/,60 ,1 ',675,%87('0(025< 62/9(56
5HFHQW DUFKLWHFWXUHV RIWHQ FRQVLVW RI LQFUHDVLQJO\ FRPSOH[ VKDUHGPHPRU\ QRGHV 8VLQJ GLVWULEXWHG
PHPRU\ SURJUDPPLQJ WDVN SDUDOOHOLVP HJ ZLWK03, ZLWKLQ VXFK QRGHV LV QRW WKH EHVW ZD\ WR H[SORLW WKHP
VLQFH WKH\ WHQG WR KDYH VPDOOHU DQG VPDOOHU DPRXQWV RI SHUFRUH PHPRU\ DQG QRQXQLIRUP PHPRU\ DFFHVVHV
180$ ,W LV WKXV QHFHVVDU\ WR FRPELQH GLVWULEXWHGPHPRU\ SURJUDPPLQJ IRU LQWHUQRGH FRPSXWDWLRQV
ZLWK VKDUHGPHPRU\ SURJUDPPLQJ WKUHDG SDUDOOHOLVP HJ ZLWK 2SHQ03 IRU LQWUDQRGHV FRPSXWDWLRQV
+HUH ZH GHVFULEH UHFHQW ZRUN FDUULHG RXW LQ 08036 DQG 6XSHU/8B',67 RQ WKLV WRSLF
,PSURYHPHQW RI VKDUHGPHPRU\ SDUDOOHOLVP LQ GLVWULEXWHGPHPRU\ PXOWLIURQWDO PHWKRGV
,Q RUGHU WR H[SORLW VKDUHGPHPRU\ SDUDOOHOLVP DW WKH WKUHDG OHYHO WKH VLPSOHVW DSSURDFK FRQVLVWV LQ
PDNLQJ PDQ\ FRUHV FROODERUDWH RQ WKH VDPH QRGH RI WKH HOLPLQDWLRQ WUHH XVLQJ PXOWLWKUHDGHG %/$6 DQG
2SHQ03 GLUHFWLYHV WR SDUDOOHOL]H WKH ZRUN RXWVLGH WKH %/$6 FDOOV IRUNMRLQ PRGHO 7KLV DSSURDFK LV JHQ
HUDOO\ HIILFLHQW HVSHFLDOO\ RQ ODUJH ' SUREOHPV ,Q RUGHU WR JR IXUWKHU LW LV LQWHUHVWLQJ WR DOVR H[SORLW WUHH
SDUDOOHOLVP LQ VKDUHGPHPRU\ HQYLURQPHQWV ,Q GLVWULEXWHGPHPRU\ SDUDOOHOLVP D FRPPRQO\XVHG WHFK
QLTXH FRQVLVWV LQ GHILQLQJ D VHSDUDWLQJ OD\HU LQ WKH WUHH LSV VXFK WKDW ERWK WUHH DQG QRGH SDUDOOHOLVP DUH
DSSOLHG DERYH LSV DQG RQO\ WUHH SDUDOOHOLVP LV DSSOLHG EHORZ LW :H DGDSWHG WKLV LGHD WR VKDUHGPHPRU\ HQ
YLURQPHQWV ZLWK WKH $OJ/ DOJRULWKP /ߤ([FHOOHQW DQG 6LG/DNKGDU  WKDW FRPSXWHV D OD\HU LWK VXFK
WKDW RQO\ QRGH SDUDOOHOLVP LV DSSOLHG DERYH LWK EXW WUHH SDUDOOHOLVP LV QRZ DSSOLHG EHORZ LW VHH )LJXUH 
LSV
3URFHVV  3URFHVV 
LWK LWK
7KUHDG  7KUHDG  7KUHDG  7KUHDG 
)LJXUH  /D\HUV LSV DQG LWK WR H[SORLW WUHH SDUDOOHOLVP LQ GLVWULEXWHG DQG VKDUHG PHPRU\ HQYLURQPHQWV
,Q PXOWLFRUH HQYLURQPHQWV 180$ 1RQ8QLIRUP 0HPRU\ $FFHVV DUFKLWHFWXUHV DOORZ IRU D KL
HUDUFKLFDO RUJDQL]DWLRQ RI PHPRU\ EDQNV 2Q VXFK DUFKLWHFWXUHV LW LV FULWLFDO IRU SHUIRUPDQFH WR WDNH LQWR
DFFRXQW PHPRU\ DIILQLW\ DQG PHPRU\ DOORFDWLRQ SROLFLHV %\ GHIDXOW WKH HQ+HHHQ+ SROLF\ ZKLFK FRQ
VLVWV LQ PDSSLQJ WKH PHPRU\ SDJHV RQ WKH ORFDO PHPRU\ RI WKH SURFHVVRU WKDW ILUVW WRXFKHV WKHP LV DSSOLHG
+RZHYHU VHYHUDO RWKHU SROLFLHV H[LVW $PRQJ WKHP WKH BMi2`H2p2 SROLF\ FRQVLVWV LQ DOORFDWLQJ WKH PHP
RU\ SDJHV RQ DOO PHPRU\ EDQNV LQ D URXQGURELQ IDVKLRQ VXFK WKDW WKH DOORFDWHG PHPRU\ LV VSUHDG RYHU DOO
WKH SK\VLFDO PHPRU\ $SSO\LQJ WKH HQ+HHHQ+ SROLF\ RQ GDWD VWUXFWXUHV EHORZ LWK LQ RUGHU WR DFKLHYH D
EHWWHU GDWD ORFDOLW\ DQG FDFKH H[SORLWDWLRQ DQG WKH BMi2`H2p2 SROLF\ RQ WKH RQHV XVHG DERYH LWK LQ RUGHU
WR LPSURYH WKH EDQGZLGWK KDV D GUDPDWLF HIIHFW RQ SHUIRUPDQFH DV VXPPDUL]HG LQ 7DEOH  ZKHQ RQO\ 
03, SURFHVV LV XVHG 7KLV WDEOH DOVR VKRZV WKDW WKH XVH RI 2SHQ03 GLUHFWLYHV WR SDUDOOHOL]H WKH ZRUN RXWVLGH
%/$6 FDOOV SURYLGHV VRPH JDLQV FRPSDUHG WR WKH VROH XVH RI PXOWLWKUHDGHG %/$6
2Q PDWULFHV VXFK DV 6HUHQD 7DEOH  WKH VROH HIIHFW RI WKH $OJ/ DOJRULWKP LV QRW VR ODUJH 
VHFRQGV GRZQ WR  VHFRQGV +RZHYHU WKH HIIHFW RI PHPRU\ LQWHUOHDYLQJ ZLWKRXW LWK LV HYHQ VPDOOHU
 VHFRQGV GRZQ WR  VHFRQGV 7KH FRPELQHG XVH RI $OJ/ DQG PHPRU\ LQWHUOHDYLQJ EULQJV D
KXJH JDLQ  VHFRQGV GRZQ WR  VHFRQGV LQFUHDVLQJ WKH VSHHGXS IURP  WR  RQ  FRUHV
+HQFH RQ ODUJH PDWULFHV WKH PDLQ EHQHILW RI $OJ/ LV WR PDNH WKH LQWHUOHDYLQJ EHFRPH YHU\ HIILFLHQW E\
DSSO\LQJ LW RQO\ DERYH LWK 7KLV DOVR VKRZV WKDW LQ WKH LPSOHPHQWDWLRQ LW LV FULWLFDO WR VHSDUDWH WKH ZRUN
DUUD\V IRU ORFDO WKUHDGV EHORZ LWK DQG IRU WKH PRUH JOREDO DSSURDFK LQ WKH XSSHU SDUW RI WKH WUHH DOORZLQJ WKH
DSSOLFDWLRQ RI GLIIHUHQW PHPRU\ SROLFLHV EHORZ DQG DERYHLWK HQ+HHHQ+ DQG BMi2`H2p2 UHVSHFWLYHO\
7DEOH  )DFWRUL]DWLRQ WLPHV LQ VHFRQGV DQG HIIHFWV RI WKH BMi2`H2p2 PHPRU\ DOORFDWLRQ SROLF\ ZLWK QRGH
SDUDOOHOLVP DQG ZLWK $OJ/ RQ DQ $0' FRUHV ,VWDQEXO V\VWHP XVLQJ08036ZLWK D VLQJOH03, SURFHVV
1RGH SDUDOOHOLVP RQO\
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6HULDO "Ga  PT2MJS DOJRULWKP
0DWUL[ UHIHUHQFH ,QWHUOHDYLQJ ,QWHUOHDYLQJ ,QWHUOHDYLQJ
RII RQ RII RQ RII RQ
$8',       
FRQY'       
6HUHQD      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7KHVH UHVXOWV VKRZ LPSRUWDQW DVSHFWV WKDW VKRXOG EH FRQVLGHUHG LQVLGH D VKDUHGPHPRU\ QRGH 7XQ
LQJ WKH VSHFLILF VKDUHGPHPRU\ IDFWRUL]DWLRQ NHUQHOV LQVLGH HDFK FRPSXWLQJ QRGH LV DQRWKHU DVSHFW WKDW
VKRXOG EH FRQVLGHUHG WR IXUWKHU LPSURYH SHUIRUPDQFH 2SWLPL]LQJ WKH QXPEHU RI WKUHDGV LQVLGH HDFK 03,
SURFHVV FDQ DOVR KDYH D VLJQLILFDQW LPSDFW RQ SHUIRUPDQFH
:H UHIHU WKH UHDGHU WR /ߤ([FHOOHQW DQG 6LG/DNKGDU  IRU IXUWKHU UHIHUHQFH
0XOWLWKUHDGHG 6FKXUFRPSOHPHQW XSGDWH LQ 6XSHU/8B',67
7KH GLVWULEXWHGPHPRU\ VSDUVH GLUHFW VROYHU 6XSHU/8B',67 /L 	 'HPPHO  ZDV LQLWLDOO\
GHVLJQHG WR XVH RQO\03, WR H[SORLW WDVN SDUDOOHOLVP ,Q 6XSHU/8B',67 WKH FRPSXWDWLRQDO FRVW RI QXPHULFDO
IDFWRUL]DWLRQ LV W\SLFDOO\ GRPLQDWHG E\ WKH WUDLOLQJ VXEPDWUL[ XSGDWH ZKHUH HDFK SURFHVV XSGDWHV VHYHUDO
LQGHSHQGHQW EORFNV RI WKH WUDLOLQJ VXEPDWUL[ DW HDFK VWHS 5HFHQWO\ ZH LQFRUSRUDWHG OLJKWZHLJKW 2SHQ03
WKUHDGV LQ HDFK 03, SURFHVV WR XSGDWH GLVMRLQW VHWV RI WKH LQGHSHQGHQW EORFNV LQ SDUDOOHO 7KHUH DUH VHYHUDO
RSWLRQV DV WR KRZ WR DVVLJQ WKH LQGHSHQGHQW EORFNV WR WKH WKUHDGV :H XVH D FRPELQDWLRQ RI '' DVVLJQPHQW
RI EORFNV WR WKUHDGV :KHQ WKH QXPEHU RI FROXPQV RI WKH WUDLOLQJ VXEPDWUL[ LV JUHDWHU WKDQ WKH QXPEHU RI
WKUHDGV D SURFHVV FDQ DVVLJQ LWV ORFDO VXSHUQRGDO FROXPQV WR WKH WKUHDGV LQ D ' EORFN IDVKLRQ LH WKH tWK
WKUHDG XSGDWHV (t − 1) · hWK WR (t · h − 1)WK FROXPQV ZKHUH h = nc
nt
 nt LV WKH QXPEHU RI WKUHDGV DQG
nc LV WKH QXPEHU VXSHUQRGDO FROXPQV DVVLJQHG WR WKLV SURFHVV VHH )LJXUH D 6LQFH WKHVH FROXPQV DUH
FRQWLJXRXV LQ PHPRU\ HDFK WKUHDG FDQ DFFHVV WKH FROXPQV ZLWK D UHODWLYHO\ VPDOO VWULGH +RZHYHU ZLWK WKLV
OD\RXW WKH QXPEHU RI XVDEOH WKUHDGV LV FRQVWUDLQHG E\ WKH QXPEHU RI FROXPQV 7KHUHIRUH ZKHQ WKH QXPEHU
RI FROXPQV LV VPDOOHU WKDQ WKH QXPEHU RI WKUHDGV ZH GLYLGH WKH FROXPQV URZZLVH DV ZHOO WKHQ DVVLJQ WKH
EORFNV WR WKUHDGV LQ D ' F\FOLF IDVKLRQ QDPHO\ WKH (i, j)WK EORFN LV DVVLJQHG WR (br · tc + bc)WK WKUHDG
ZKHUH WKH WKUHDGV DUH RUJDQL]HG LQWR D tr × tc JULG LH nt = tr · tc br = PRG(i, tr) DQG bc = PRG(j, tc)
VHH )LJXUH E 6LQFH WKH EORFNV DVVLJQHG WR D WKUHDG DUH QRW FRQWLJXRXV LQ PHPRU\ DFFHVVLQJ WKHVH EORFNV
LQFXUV VRPH RYHUKHDG 7KH DGYDQWDJH LV WKDW LW RIIHUV PRUH SDUDOOHOLVP WKDQ WKH ' OD\RXW
7KLV K\EULG SURJUDPPLQJ SDUDGLJP REWDLQHG VLJQLILFDQW UHGXFWLRQ LQ PHPRU\ XVDJH ZKLOH DFKLHYLQJ
WKH VDPH OHYHO RI SDUDOOHO HIILFLHQF\ DV WKH SXUH 03, SDUDGLJP $V D UHVXOW LQ FRPSDULVRQ WR WKH SXUH 03,
SDUDGLJP ZKLFK IDLOHG GXH WR WKH SHUFRUH PHPRU\ FRQVWUDLQW WKLV K\EULG SDUDGLJP FRXOG XVH PRUH FRUHV RQ
HDFK QRGH DQG UHGXFH WKH IDFWRUL]DWLRQ WLPH RQ WKH VDPH QXPEHU RI QRGHV
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E ' F\FOLF OD\RXW
)LJXUH  0DSSLQJ RI WKUHDGV WR VXSHUQRGDO EORFNV 7KH OLJKWEOXH EORFNV UHSUHVHQWV WKH QRQHPSW\ EORFNV
LQ WKH FXUUHQW SDQHO )RXU 03, SURFHVVHV DUH DVVLJQHG WR EORFNV LQ D 2 × 2 JULG ZKHUH WKH QXPEHUV LQVLGH
WKH EORFNV LQGLFDWH WKH SURFHVV ,' (DFK 03, SURFHVV JHQHUDWHV IRXU WKUHDGV WKH EOXH JUHHQ UHG DQG \HOORZ
EORFNV DUH DVVLJQHG WR WKH ILUVW VHFRQG WKLUG DQG IRXUWK WKUHDG RI SURFHVV 1 UHVSHFWLYHO\
:H WHVWHG WKLV 2SHQ03HQDEOHG 6XSHU/8B',67 VROYHU RQ WKH &UD\;( PDFKLQH DW 1(56& KRS
SHU +RSSHU FRQVLVWV RI  180$ QRGHV (DFK QRGH KDV WZR WZHOYHFRUH $0' 0DJQ\&RXUV *+]
SURFHVVRUV JLYLQJ  FRUHV SHU QRGH (DFK 0DJQ\&RXUV KDV WZR GLHV RI VL[FRUH HDFK 7KH PHPRU\ DFFHVV
WLPHV ZLWKLQ D GLH RXWVLGH D GLH DQG RXWVLGH D0DJQ\&RXUV DUH GLIIHUHQW 7KH WRWDO PHPRU\ SHU QRGH LV *%
DQG SHU FRUH LV *% :H XVHG  QRGHV DQG YDULHG WKH QXPEHU RI 2SHQ03 WKUHDGV DVVRFLDWHG ZLWK HDFK
03, WDVN )LJXUH  VKRZV WKH UXQQLQJ WLPHV IRU D PDWUL[ IURP VLPXODWLRQV RI DFFHOHUDWRU FDYLWLHV XVLQJ GLI
IHUHQW 03,2SHQ03 FRQILJXUDWLRQV :H VHH WKDW WKH EHVW WLPH ZLWK WKH IL[HG QRGH FRXQW RI 16 ZDV REWDLQHG
E\ WKH K\EULG SDUDGLJP 7KH PLVVLQJ GDWD SRLQWV PHDQ WKDW WKH FRGH UDQ RXW RI PHPRU\ LQ WKDW 03,WKUHDG
FRPELQDWLRQ 7KLV FOHDUO\ VKRZV WKDW WKH K\EULG SDUDGLJP ZDV DEOH WR EHWWHU XWLOL]H WKH UHVRXUFHV DYDLODEOH
RQ WKH FRPSXWH QRGHV 7KH ILJXUH DOVR VKRZV WKH WRWDO KLJK ZDWHUPDUN RI WKH PHPRU\ XVHG E\ WKH VROYHU
ZKLFK LQFOXGHV WKH VL]H RI WKH L,U IDFWRUV WKH VROYHUߤV DX[LOLDU\ PHPRU\ DQG WKH V\VWHP PHPRU\ HJ 03,
EXIIHUV :KHQ WKH VDPH QXPEHU RI FRUHV LV XVHG WKUHDGLQJ KHOSV UHGXFH PHPRU\ XVDJH VLJQLILFDQWO\ 7KH
UHGXFWLRQ LV LQ WKH 03, V\VWHP EXIIHUV 2SHQ03 LWVHOI GRHV QRW JHQHUDWH PXFK PHPRU\ RYHUKHDG WKLV FDQ
EH VHHQ LQ WKH IROORZLQJ 03,WKUHDG FRQILJXUDWLRQV 32× 1 32× 2 DQG 32× 4
0RUH GHWDLOHG DOJRULWKP GHVFULSWLRQ DQG SHUIRUPDQFH DQDO\VLV DSSHDUHG LQ <DPD]DNL 	 /L 
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E 0HPRU\ XVDJH
)LJXUH  7LPH DQG PHPRU\ XVLQJ  QRGHV ZLWK YDULRXV FRPELQDWLRQV RI 03, WDVNV DQG 2SHQ03 WKUHDGV
5()(5(1&(6
$PHVWR\ 3 5 'XII , 6 .RVWHU - DQG /ߤ([FHOOHQW -<  ߧ$ )XOO\ $V\QFKURQRXV 0XOWLIURQWDO
6ROYHU 8VLQJ 'LVWULEXWHG '\QDPLF 6FKHGXOLQJߨ 6,$0 -RXUQDO RQ 0DWUL[ $QDO\VLV DQG $SSOLFDWLRQV
 ߞ
$PHVWR\ 3 5 $VKFUDIW & %RLWHDX 2 %XWWDUL $ /ߤ([FHOOHQW -< DQG :HLVEHFNHU &  ߧ,P
SURYLQJ 0XOWLIURQWDO 0HWKRGV E\ 0HDQV RI %ORFN /RZ5DQN 5HSUHVHQWDWLRQVߨ 7HFK 5HS 57$32
 ,15,$55 ,QVWLWXW 1DWLRQDO 3RO\WHFKQLTXH GH 7RXORXVH 7RXORXVH )UDQFH 6XEPLWWHG IRU
SXEOLFDWLRQ LQ 6,$0 -RXUQDO RQ 6FLHQWLILF &RPSXWLQJ
%HEHQGRUI 0  ߧ+LHUDUFKLFDO 0DWULFHV $ 0HDQV WR (IILFLHQWO\ 6ROYH (OOLSWLF %RXQGDU\ 9DOXH 3URE
OHPV /HFWXUH 1RWHV LQ &RPSXWDWLRQDO 6FLHQFH DQG (QJLQHHULQJߨ 6SULQJHU
&KDQGUDVHNDUDQ 6 *X 0 DQG 3DOV 7  ߧ$ )DVW 8/9 'HFRPSRVLWLRQ 6ROYHU IRU +LHUDUFKLFDOO\
6HPLVHSDUDEOH 5HSUHVHQWDWLRQVߨ 6,$0 -RXUQDO RQ 0DWUL[ $QDO\VLV DQG $SSOLFDWLRQV  ߞ
'XII , 6 DQG 5HLG - .  ߧ7KH 0XOWLIURQWDO 6ROXWLRQ RI ,QGHILQLWH 6SDUVH 6\PPHWULF /LQHDU 6\V
WHPVߨ $&0 7UDQVDFWLRQV RQ 0DWKHPDWLFDO 6RIWZDUH  ߞ
/ߤ([FHOOHQW -< DQG 6LG/DNKGDU 0 :  ߧ,QWURGXFWLRQ RI 6KDUHG0HPRU\ 3DUDOOHOLVP LQ D
'LVWULEXWHG0HPRU\ 0XOWLIURQWDO 6ROYHUߨ 7HFK 5HS ,15,$55 6XEPLWWHG IRU SXEOLFDWLRQ
/L ; 6 DQG 'HPPHO - :  ߧ6XSHU/8B',67 D 6FDODEOH 'LVWULEXWHG0HPRU\ 6SDUVH 'LUHFW 6ROYHU
IRU 8QV\PPHWULF /LQHDU 6\VWHPVߨ $&0 7206  ߞ
/LX - : +  ߧ7KH 5ROH RI (OLPLQDWLRQ 7UHHV LQ 6SDUVH )DFWRUL]DWLRQ 6,$0 -RXUQDO RQ 0DWUL[
$QDO\VLV DQG $SSOLFDWLRQV  ߞ
5RXHW )+  ߧ0HPRU\ DQG 3HUIRUPDQFH ,VVXHV LQ 3DUDOOHO 0XOWLIURQWDO )DFWRUL]DWLRQV DQG 7ULDQJXODU
6ROXWLRQV ZLWK 6SDUVH 5LJKW+DQG 6LGHVߨ 3K' WKHVLV ,13 7RXORXVH )UDQFH
9DQGHEULO 5 DQG 9DQ %DUHO 0 DQG *ROXE * DQG 0DVWURQDUGL 1  ߧ$ %LEOLRJUDSK\ RQ 6HPL
6HSDUDEOH 0DWULFHVߨ &DOFROR  ߞ
:DQJ 6 DQG /L ; 6 DQG 5RXHW )+ DQG ;LD - DQG 9 GH +RRS 0  ߧ$ 3DUDOOHO )DVW *HRPHWULF
0XOWLIURQWDO 6ROYHU 8VLQJ +LHUDUFKLFDOO\ 6HPLVHSDUDEOH 6WUXFWXUHߨ 6XEPLWWHG WR 7206
;LD -  ߧ(IILFLHQW 6WUXFWXUHG 0XOWLIURQWDO )DFWRUL]DWLRQ IRU *HQHUDO /DUJH 6SDUVH 0DWULFHVߨ 6,$0
-RXUQDO RQ 6FLHQWLILF &RPSXWLQJ UHYLVHG
<DPD]DNL , DQG /L ; 6  ߧ1HZ 6FKHGXOLQJ 6WUDWHJLHV DQG +\EULG 3URJUDPPLQJ IRU D 3DUDOOHO 5LJKW
/RRNLQJ 6SDUVH /8 )DFWRUL]DWLRQ RQ 0XOWLFRUH &OXVWHU 6\VWHPVߨ 3URFHHGLQJV RI ,((( ,QWHUQDWLRQDO
3DUDOOHO DQG 'LVWULEXWHG 3URFHVVLQJ 6\PSRVLXP ,3'36
